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a b s t r a c t
A restricted edge cut of a graph X is an edge set whose removal disconnects X into non-
trivial components. The cardinality of the minimum restricted edge cut is the restricted
edge connectivity, denoted by λ′(X). If X has restricted edge cuts and λ′(X) achieves the
upper bound of the restricted edge connectivity, X is said to be λ′-optimal. In this work, we
will prove that for all but a few exceptions, the mixed Cayley graph is λ′-optimal.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
We follow [1] for graph-theoretical terminology and notation not defined here. Let X = (V , E) be a finite graph without
loops and multiple edges, where V = V (X) is the vertex set and E = E(X) is the edge set. In [2], Esfahanian and Hakimi
introduced thenotion of restricted edge connectivity. Let F ⊆ E(X); call F a restricted edge cut ofX ifX−F is disconnected and
contains no isolated vertices. Theminimumcardinality over all restricted edge cuts is called the restricted edge connectivity of
X , and denoted byλ′(X). The restricted edge connectivity providesmore accuratemeasures of the fault tolerance of networks
than classical edge connectivity (see [3]). Thus, it has received much attention recently (see, for examples, [4,5,3,2,6–10]).
Let X = (V , E) be a graph. For e = xy ∈ E(X), let ξX (e) = dX (x) + dX (y) − 2 and ξ(X) = min{ξX (e)|e ∈ E(X)}. The
parameter ξ(X) is called the minimum edge degree of X . It is noted that not every graph has restricted edge cuts; the star
graph is such a graph. Esfahanian and Hakimi [2] showed that each connected graph X of order n(X) ≥ 4, except a star, is
λ′-connected and satisfies λ′(X) ≤ ξ(X).
Let X = (V , E) be a graph with at least four vertices and X  K1,m. If λ′(X) = ξ(X), then X is called λ′-optimal; otherwise
X is not λ′-optimal. We are interested in finding some classes of λ′-optimal graphs. Some of them have been found in [4–10].
In this work we prove that for all but a few exceptions, the mixed Cayley graph which is defined below is λ′-optimal.
2. Notation and preliminary results
Let X = (V , E) be a graph. For two disjoint non-empty subsets A and B of V , let [A, B] = {e = xy ∈ E : x ∈ A and y ∈ B}.
For the sake of convenience, we write x for the single-vertex set {x}. If A = V \ A, then we write ω(A) for [A, A] and d(A) for
|ω(A)|.
A restricted edge cut F of X is called a λ′-cut if |F | = λ′(X). It is easy to see that for any λ′-cut F , X − F has exactly two
connected non-trivial components. Let A be a proper subset of V . Ifω(A) is a λ′-cut of X , then A is called a λ′-fragment of X . It
is clear that if A is a λ′-fragment of X , then so is A. Let r(X) = min{|A|:A is a λ′-fragment of X}. Obviously, 2 ≤ r(X) ≤ 12 |V |.
A λ′-fragment B is called a λ′-atom of X if |B| = r(X).
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In [10], Xu proved the following two main results.
Theorem 2.1 ([10]). Let X = (V , E) be a connected graph with at least four vertices and X  K1,m. Then X is λ′-optimal if and
only if r(X) = 2.
Theorem 2.2 ([10]). Let X = (V , E) be a connected graph with at least four vertices and X  K1,m. If X is not λ′-optimal, then
any two distinct λ′-atoms of X are disjoint.
A graph X is said to be vertex-transitive (edge-transitive) if Aut(X) acts transitively on V (X) (E(X)), that is, for any two
vertices u and v (two edges e1 and e2) in X , there is an automorphism α of X such that v = α(u) (e2 = α(e1)). Let x ∈ V (X);
we call the set {xg : g ∈ Aut(X)} an orbit of the graph X . Obviously, Aut(X) acts transitively on each orbit of the graph X .
Definition 2.3. For a group G, let S be a subset of G such that 1G ∉ S and S−1 = S; the Cayley graph C(G, S) is a graph with
vertex set G and edge set {{g, sg} : g ∈ G, s ∈ S}.
It is well known that Cayley graphs are vertex transitive. For studying semi-symmetric graphs, which are regular edge
transitive but not vertex transitive, Xu defined the bi-Cayley graph [11].
Definition 2.4 ([11]). For a group G, let S be a subset of G, the bi-Cayley graph BC(G, S) is a graph with vertex set G× {0, 1}
and edge set {{(g, 0), (sg, 1)} : g ∈ G, s ∈ S}.
Inspired by the definitions of the Cayley graph and bi-Cayley graph, the authors of [12] defined the mixed Cayley graph
and studied its edge connectivity and super-edge connectivity.
Definition 2.5 ([12]). Let G be a finite group, and S0, S1 and S2 be subsets of G where 1G ∉ Si and S−1i = Si for i = 0, 1.
The mixed Cayley graph X = MC(G, S0, S1, S2) has vertex set V (X) = G × {0, 1} and edge set E(G) = E0 ∪ E1 ∪ E2, where
Ei = {{(g, i), (sig, i)} : g ∈ G, si ∈ Si} for i = 0, 1 and E2 = {{(g, 0), (s2g, 1)} : g ∈ G, s2 ∈ S2}.
Clearly, the mixed Cayley graph X has minimum degree δ(X) = min{|S0| + |S2|, |S1| + |S2|} and maximum degree
∆(X) = max{|S0| + |S2|, |S1| + |S2|}. For g ∈ G, the translation MR(g) defined by (x, i) → (xg, i) (i = 0, 1) is an
automorphism of X . All of these automorphisms form a subgroupMR(G) of Aut(X), which acts transitively both on G× {0}
and on G× {1}; thus X has at most two orbits. For X vertex transitive, Xu [9] proved the following results:
Theorem 2.6 ([9]). Let X be a connected vertex transitive graph with at least four vertices. If it either contains no triangles or
has odd order, then X is λ′-optimal.
In this work, we will investigate the restricted edge connectivity of connected mixed Cayley graphs. Clearly, if a mixed
Cayley graph X = MC(G, S0, S1, S2) is connected, then |S2| ≥ 1.
3. λ′-atoms of non-λ′-optimal mixed Cayley graphs
In what follows, we assume that X = MC(G, S0, S1, S2) is a connected mixed Cayley graph, V (X) = X0 ∪ X1 where
Xi = G × {i} (i = 0, 1) and ki = |Si| (i = 0, 1, 2). Clearly, the minimum and maximum degrees of X are respectively
δ(X) = min{k0 + k2, k1 + k2} and∆(X) = max{k0 + k2, k1 + k2}.
Lemma 3.1. Let X = MC(G, S0, S1, S2) be a connected graph with at least four vertices. Assume A is a λ′-atom and Ai = A∩Xi ≠
Ø (i = 0, 1). If X is not λ′-optimal, then
(1) V (X) is the disjoint union of distinct λ′-atoms,
(2) |A0| = |A1| ≥ 2.
Proof. (1) Since Ai = A ∩ Xi ≠ Ø (i = 1, 2) and Aut(X) acts transitively both on X0 and on X1, each vertex of X lies in a
λ′-atom. By Theorem 2.2, we have that V (X) is the disjoint union of distinct λ′-atoms.
(2) Let V (X) = kj=1 MR(gj)(A)(g1 = 1G); then Xi = kj=1 MR(gj)(Ai) for i = 0, 1. Since |X0| = |X1| and X is not
λ′-optimal, we have |A0| = |A1| ≥ 2. 
Lemma 3.2. Let X = MC(G, S0, S1, S2) be a connected graph with at least four vertices. Assume that X is not λ′-optimal, A is a
λ′-atom of X, Y = X[A] is the subgraph of X induced by A and Ai = A ∩ Xi = Hi × {i} for i = 0, 1, where Hi ⊆ G.
(1) If Ai ≠ Ø for some i ∈ {0, 1}, let Yi = X[Ai] be the subgraph of X induced by Ai; then Aut(Yi) acts transitively on Ai.
Furthermore, if Ai ≠ Ø for i = 0, 1, then Aut(Y ) acts transitively both on A0 and on A1.
(2) If Ai contains (1G, i) for some i ∈ {0, 1}, then Hi is a subgroup of G.
Proof. If Ai ≠ Ø for some i ∈ {0, 1}, then |Ai| ≥ 2 by Lemma 3.1. Since for any g ∈ G,MR(g) is an automorphism of X , for any
(g, i), (h, i) ∈ Ai,MR(g−1h) ∈ Aut(X) andMR(g−1h)(g, i) = (h, i).MR(g−1h)(A) is also aλ′-atomandMR(g−1h)(A)∩A ≠ Ø;
thusMR(g−1h)(A) = A. Clearly, the restriction ofMR(g−1h) to A induces an automorphism of Y , which maps (g, i) to (h, i).
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By the definition ofMR(g−1h), we haveMR(g−1h)(Ai) = Ai. Thus, the restriction ofMR(g−1h) to Ai induces an automorphism
of Yi, which maps (g, i) to (h, i). Thus (1) follows.
For (2), if Ai contains (1G, i) for some i ∈ {0, 1}, then for any (g, i) ∈ Ai, (1G, i) ∈ MR(g−1)(A) = Ag−1. Hence Ag−1 = A,
Aig−1 = Ai. Thus (g, i), (h, i) ∈ Ai implies that (hg−1, i) ∈ Ai. Thismeans that hg−1 ∈ Hi for any g, h ∈ Hi, soHi is a subgroup
of G. 
If X = MC(G, S0, S1, S2) is a k-regular graph, then k0 = k1 and k = k0 + k2.
Lemma 3.3. Let X = MC(G, S0, S1, S2) be a k-regular connected graph with at least four vertices. If X is not λ′-optimal, then
r(X) ≥ k ≥ 3.
Proof. By Theorem 2.1, r(X) ≥ 3, and obviously k ≥ 3. Let A be a λ′-atom of X; then r = r(X) = |A| and d(A) = λ′(X) <
ξ(X) = 2k− 2. Considering the sum of degrees of all vertices of A, we have
kr =
−
x∈A
dX (x) ≤ r(r − 1)+ d(A) < r2 − r + 2k− 2 = kr − (k− r − 1)(r − 2).
This implies r(X) ≥ k since r ≥ 3. 
If X = MC(G, S0, S1, S2) is not a regular graph, assume, without loss of generality, that k0 < k1; then δ = δ(X) = k0+ k2
and∆ = ∆(X) = k1 + k2.
Lemma 3.4. Let X = MC(G, S0, S1, S2) be a connected graph with at least four vertices and ki = |Si| (i = 0, 1, 2). Assume that
X is not λ′-optimal, A is a λ′-atom of X and k0 < k1; we have the following three results:
(1) If A ⊆ X0, then r = r(X) = |A| ≥ δ(X) = k0 + k2.
(2) If A ⊆ X1, then r = r(X) = |A| ≥ ∆(X) = k1 + k2.
(3) If A ∩ Xi ≠ Ø for i = 0, 1, then r = r(X) = |A| ≥
 1
2 (δ +∆− 1)

.
Proof. We establish the proof by considering two cases.
Case 1. Assume 1 ≤ k0 < k1; then ξ(X) = 2δ − 2. Since X is not λ′-optimal, we have r(X) = |A| ≥ 3 and d(A) =
λ′(X) < ξ(X) = 2δ − 2.
If A ⊆ X0, considering the sum of degrees of all vertices of A, we have
δr =
−
x∈A
dX (x) ≤ r(r − 1)+ d(A) < r2 − r + 2δ − 2,
δr − 2δ + 2− r2 + r < 0,
(r − 2)(δ − r − 1) < 0.
This implies r(X) ≥ δ since r ≥ 3.
If A ⊆ X1, considering the sum of degrees of all vertices of A, we have
1r =
−
x∈A
dX (x) ≤ r(r − 1)+ d(A) < r2 − r + 2δ − 2,
1r − 2δ + 2− r2 + r < 0,
(r − 2)(∆− r − 1) < 2(δ −∆).
This implies r(X) ≥ ∆ since r ≥ 3.
If Ai = A ∩ Xi ≠ Ø for i=0,1, we know that |A0| = |A1| by Lemma 3.1. Thus
1
2
1r + 1
2
δr =
−
x∈A
dX (x) ≤ r(r − 1)+ d(A) ≤ r2 − r + 2δ − 3 < r2 − r + δ +∆− 3,
r(δ +∆) < 2r(r − 1)+ 2(δ +∆)− 6,
(r − 2)(∆+ δ − 2r − 2) < −2.
This implies r(X) ≥  12 (δ +∆− 1) since r ≥ 3.
Case 2. Assume 0 = k0 < k1; then ξ(X) = δ+∆− 2 and, clearly, A ⊈ X0. Since X is not λ′-optimal, we have r(X) = |A| ≥ 3
and d(A) = λ′(X) < ξ(X) = δ +∆− 2.
If A ⊆ X1, considering the sum of degrees of all vertices of A, we have
1r =
−
x∈A
dX (x) ≤ r(r − 1)+ d(A) < r(r − 1)+ δ +∆− 2,
(r − 1)(∆− r)− δ + 2 < 0,
(r − 2)(∆− r − 1) < δ −∆.
This implies r(X) ≥ ∆ since r ≥ 3.
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If Ai = A ∩ Xi ≠ Ø for i = 0, 1, we know that |A0| = |A1| by Lemma 3.1. Thus
1
2
1r + 1
2
δr =
−
x∈A
dX (x) ≤ r(r − 1)+ d(A) < r2 − r + δ +∆− 2,
(r − 2)(∆+ δ − 2r − 2) < 0.
This implies r(X) ≥  12 (δ +∆− 1) since r ≥ 3. 
4. λ′-optimally regular mixed Cayley graphs
Theorem 4.1. Let X = MC(G, S0, S1, S2) be a k-regular connected graph with at least four vertices and ki = |Si| (i = 0, 1, 2). If
k0 = k1 = 0, then X is λ′-optimal.
Proof. Assume X is not λ′-optimal. Let A be a λ′-atom of X . Obviously, Ai = A ∩ Xi ≠ Ø for i = 0, 1. Then by Theorem 2.1
and Lemma 3.1, r(X) = |A| ≥ 3 and |A0| = |A1| ≥ 2.We know that Y = X[A] is a regular graph by Lemma 3.2. Let dA(x) = d
for any x ∈ A. Thus
2|A0|(k− d) < ξ(X) = 2k− 2,
2(|A0| − 1)(k− d) < 2d− 2 ≤ 2|A1| − 2,
2(|A0| − 1)(k− d− 1) < 0.
This implies d ≥ k since |A0| ≥ 2. This is a contradiction. 
Theorem 4.2. Let X = MC(G, S0, S1, S2) be a k-regular connected graph with at least four vertices and ki = |Si| (i = 0, 1, 2).
Assume Gi = ⟨Si⟩ for i = 0, 1. If k0 = k1 ≥ 1 and k2 = |S2| = |{s2}| = 1, then X is not λ′-optimal if and only if X satisfies one
of the following conditions:
(1) There exists a subgroup H of G such that |H| < 2k− 2 and G0 ≤ H.
(2) There exists a subgroup H of G such that |H| < 2k− 2 and G1 ≤ H.
(3) There exists a subgroup H of G, an inverse-closed subset {s01, . . . , s0m} of S0, and an inverse-closed subset {s11, . . . , s1n} of
S1 (1 ≤ m+n ≤ 3) such that |H| < 1m+n (2k−2), ⟨S0∪{1G}\{s01, . . . , s0m}⟩ ≤ H and ⟨S1∪{1G}\{s11, . . . , s1n}⟩ ≤ s2Hs−12 .
Proof. For condition (1), let A = H × {0}. It is easy to see that ω(A) is a restricted edge cut of X . Since G0 ≤ H, |H| < 2k− 2
and k2 = 1, we have λ′(X) ≤ |ω(A)| = k2|H| < 2k− 2. Thus X is not λ′-optimal. Condition (2) is similar to condition (1).
For condition (3), let A = H × {0} ∪ s2H × {1}. It is not difficult to see that ω(A) is a restricted edge cut of X . Since
|H| < 1m+n (2k− 2), ⟨S0 ∪ {1G} \ {s01, . . . , s0m}⟩ ≤ H and ⟨S1 ∪ {1G} \ {s11, . . . , s1n}⟩ ≤ s2Hs−12 , we have λ′(X) ≤ |ω(A)| ≤
(m+ n)|H| < 2k− 2. Thus X is not λ′-optimal.
Now we prove the necessity. Let A be a λ′-atom; since X is not λ′-optimal, we know that r(X) = |A| ≥ k ≥ 3 by
Lemma 3.3.
Case 1. A ⊆ X0 or A ⊆ X1.
If A ⊆ X0, without loss of generality, assume that A contains (1G, 0); then A = H × {0} with H ≤ G (by Lemma 3.2.) By
Lemma 3.2(1), Y = X[A] is a regular graph with regular degree r0; we have
λ′(X) = |ω(A)| = |A| + (k0 − r0)|A| < 2k− 2.
By Lemma 3.3, |A| ≥ k. Thus k(k0 − r0 − 1) < −2. This implies r0 ≥ k0. Obviously, r0 ≤ k0; then r0 = k0. Therefore, G0 ≤ H
and |H| < 2k − 2. In a similar manner, if A ⊆ X1, then X is not λ′-optimal only if there exists a subgroup H of G such that
|H| < 2k− 2 and G1 ≤ H .
Case 2. Ai = A ∩ Xi ≠ Ø for i = 0, 1.
Let Ai = Hi × {0} (i = 1, 2), and without loss of generality, assume that A0 contains (1G, 0); then H0 ≤ G by
Lemma 3.2. For any h0 ∈ H0, we have MR(h0)(A) ∩ A ≠ Ø and then MR(h0)(A) = A by Theorem 2.2. Thus for any
h0 ∈ H0, we have H1h0 = H1, that is H1H0 = H1. Since X[A] is connected, we have that H1 = s2H0. By H0 ≤ G, we can
obtain G = ki=1 H0gi (g1 = 1G). Therefore, V (X) = ki=1 MR(gi)(A) and X0 = ki=1 MR(gi)(A0) = ki=1 H0gi × {0},
X1 =ki=1 MR(gi)(A1) =ki=1 s2H0gi × {1}.
By Lemma 3.2, the induced subgraph Yi = X[Ai] (i = 0, 1) is regular and Y ′ = X[A] \ (E(Y0) ∪ E(Y1)) is also a regular
graph. Suppose Yi is an ri-regular graph for i = 0, 1. Clearly, Y ′ is a 1-regular graph. Thus
λ′(X) = |ω(A)| = |A0|(k0 − r0)+ |A1|(k1 − r1) < 2k− 2.
By |A| ≥ k, we have |A0| = |A1| ≥ k2 . Let k0 − r0 = m and k1 − r1 = n; then 1 ≤ m+ n ≤ 3 and |H0| < 1m+n (2k− 2).
Since k0 − r0 = m, there exists an inverse-closed subset {s01, . . . , s0m} of S0 such that ⟨S0 ∪ {1G} \ {s01, . . . , s0m}⟩ ≤ H0.
Assume that (1G, 1) ∈ s2H0gs×{1}; then 1G = s2h0rgs (h0r ∈ H0) and gs = h−10r s−12 . SinceMR(gs)(A) is also aλ′-atom and k1−
r1 = n, there exists an inverse-closed subset {s11, . . . , s1n} of S1 such that ⟨S1∪{1G}\{s11, . . . , s1n}⟩ ≤ s2H0gs = s2H0s−12 . 
Theorem 4.3. Let X = MC(G, S0, S1, S2) be a k-regular connected graph with at least four vertices and ki = |Si| (i = 0, 1, 2).
Assume Gi = ⟨Si⟩ (i = 0, 1) and G2 = ⟨S−12 S2⟩. If k0 = k1 ≥ 1 and k2 ≥ 2, then X is not λ′-optimal if and only if X satisfies one
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of the following conditions:
(1) There exists a subgroup H of G, an inverse-closed subset {s01, . . . , s0m} of S0, an inverse-closed subset {s11, . . . , s1n} of
S1 (0 ≤ m+ n ≤ 1) and two distinct elements s2, s′2 ∈ S2 such that |H| < 1m+n+2 (2k− 2), ⟨S0 ∪ {1G} \ {s01, . . . , s0m}⟩ ≤
H, ⟨(S2 \ {s′2})−1(S2 \ {s′2})⟩ ≤ H and ⟨S1 ∪ {1G} \ {s11, . . . , s1n}⟩ ≤ s2Hs−12 .
(2) There exists a subgroup H of G, an inverse-closed subset {s01, . . . , s0m} of S0, an inverse-closed subset {s11, . . . , s1n} of
S1 (1 ≤ m+ n ≤ 3) and an element s2 ∈ S2 such that |H| < 1m+n (2k− 2), ⟨S0 ∪ {1G} \ {s01, . . . , s0m}⟩ ≤ H, G2 ≤ H and
⟨S1 ∪ {1G} \ {s11, . . . , s1n}⟩ ≤ s2Hs−12 .
Proof. For both conditions (1) and (2), let A = H × {0} ∪ s2H × {1}. By an argument similar to that for Theorem 4.2(3), we
can prove that ω(A) is a restricted edge cut of X and λ′(X) ≤ |ω(A)| < 2k− 2. Thus X is not λ′-optimal.
Now we prove the necessity. Let A be a λ′-atom; since X is not λ′-optimal, we know that r(X) = |A| ≥ k ≥ 3 by
Lemma 3.3. Since |A| ≥ k, k2 ≥ 2 and X is not λ′-optimal, it can be seen that A ⊈ X0 and A ⊈ X1. Thus, we only consider
that Ai = A ∩ Xi ≠ Ø for i = 0, 1.
Let Ai = Hi × {0} (i = 1, 2), and without loss of generality, suppose A0 contains (1G, 0); then H0 ≤ G by Lemma 3.2.
For any h0 ∈ H0, we have MR(h0)(A) ∩ A ≠ Ø and then MR(h0)(A) = A by Theorem 2.2. Thus for any h0 ∈ H0, we have
H1h0 = H1, that is H1H0 = H1. Since X[A] is connected, there exists an element s2 ∈ S2 such that H1 = s2H0. By H0 ≤ G,
we can obtain G =ki=1 H0gi (g1 = 1G). Therefore, V (X) =ki=1 MR(gi)(A) and X0 =ki=1 MR(gi)(A0) =ki=1 H0gi × {0},
X1 =ki=1 MR(gi)(A1) =ki=1 s2H0gi × {1}.
By Lemma 3.2, the induced subgraph Yi = X[Ai] (i = 1, 2) is regular and Y ′ = X[A] \ (E(Y0) ∪ E(Y1)) is also a regular
graph. Suppose Yi is an ri-regular graph for i = 0, 1. Since Y = X[A] is connected, we have that Y ′ is a d (≥ 1)-regular graph.
Thus
λ′(X) = |ω(A)| = |A0|(k0 − r0 + k2 − d)+ |A1|(k1 − r1 + k2 − d) < 2k− 2.
By |A| ≥ k, we have |A0| = |A1| ≥ k2 . Let k0 − r0 = m, k1 − r1 = n and k2 − d = t; then t ≤ 1 and |H0| < 1m+n+2t (2k− 2).
We consider two cases.
Case 1. Assume k2 − d = 1. Then 0 ≤ m+ n ≤ 1.
Since k0 − r0 = m, there exists an inverse-closed subset {s01, . . . , s0m} of S0 such that ⟨S0 ∪ {1G} \ {s01, . . . , s0m}⟩ ≤ H0.
Assume that (1G, 1) ∈ s2H0gs × {1}; then 1G = s2h0rgs (h0r ∈ H0) and gs = h−10r s−12 . Since MR(gs)(A) is also a λ′-atom and
k1−r1 = n, there exists an inverse-closed subset {s11, . . . , s1n} of S1 such that ⟨S1∪{1G}\{s11, . . . , s1n}⟩ ≤ s2H0gs = s2H0s−12 .
Since k2 − d = 1, there exists an element s′2 ∈ S2 such that s′2H0 ≠ s2H0, and for any element s2i ∈ S2 \ {s′2}, we have
s2iH0 = s2H0. Thus we obtain that ⟨(S2 \ {s′2})−1(S2 \ {s′2})⟩ ≤ H0.
Case 2. Assume k2 − d = 0. Then 1 ≤ m+ n ≤ 3.
Since k0 − r0 = m, there exists an inverse-closed subset {s01, . . . , s0m} of S0 such that ⟨S0 ∪ {1G} \ {s01, . . . , s0m}⟩ ≤ H0.
Assume that (1G, 1) ∈ s2H0gs × {1}; then 1G = s2h0rgs (h0r ∈ H0) and gs = h−10r s−12 . Since MR(gs)(A) is also a λ′-atom and
k1−r1 = n, there exists an inverse-closed subset {s11, . . . , s1n} of S1 such that ⟨S1∪{1G}\{s11, . . . , s1n}⟩ ≤ s2H0gs = s2H0s−12 .
Since k2 − d = 0, we have s2iH0 = s2H0 for any element s2i ∈ S2. Thus G2 ≤ H0. 
5. λ′-optimally non-regular mixed Cayley graphs
If X = MC(G, S0, S1, S2) is not a regular graph, assume, without loss of generality, that k0 < k1; then δ = δ(X) = k0+ k2
and∆ = ∆(X) = k1 + k2.
Theorem 5.1. Let X = MC(G, S0, S1, S2) be a connected graph with at least four vertices and ki = |Si| (i = 0, 1, 2). Assume
Gi = ⟨Si⟩ (i = 0, 1),G2 = ⟨S−12 S2⟩. If 0 = k0 < k1, then X is not λ′-optimal if and only if X satisfies one of the following
conditions:
(1) There exists a subgroupH of G, an inverse-closed subset {s11, . . . , s1n} of S1 (0 ≤ n ≤ 1) and two distinct elements s2, s′2 ∈ S2
such that |H| < 1n+2 (δ +∆− 2), ⟨(S2 \ {s′2})−1(S2 \ {s′2})⟩ ≤ H and ⟨S1 ∪ {1G} \ {s11, . . . , s1n}⟩ ≤ s2Hs−12 .
(2) There exists a subgroup H of G, an inverse-closed subset {s11, . . . , s1n} of S1 (1 ≤ n ≤ 3) and an element s2 ∈ S2 such that
|H| < 1n (δ +∆− 2),G2 ≤ H and ⟨S1 ∪ {1G} \ {s11, . . . , s1n}⟩ ≤ s2Hs−12 .
Proof. For both conditions (1) and (2), let A = H × {0} ∪ s2H × {1}. By an argument similar to that for Theorem 4.2(3), we
can prove that ω(A) is a restricted edge cut of X and λ′(X) ≤ |ω(A)| < δ +∆− 2. Thus X is not λ′-optimal.
Nowwe prove the necessity. Let A be a λ′-atom of X and Y = X[A]. Obviously, A ⊈ X0. Thus, in the following, we consider
two main cases.
Case 1. A ⊆ X1.
By Lemma 3.2, the induced subgraph Y = X[A] is a regular graph. Assume that Y is r1 regular; then we have
λ′(X) = |ω(A)| = k2|A| + (k1 − r1)|A| < ξ(X) = δ +∆− 2.
Since |A| ≥ ∆ by Lemma 3.4, this implies that r1 = k1, k2 = 1 and δ > 2. This contradicts δ = k0 + k2 = 1.
Y. Tian, J. Meng / Applied Mathematics Letters 24 (2011) 872–877 877
Case 2. Ai = A ∩ Xi ≠ Ø for i = 0, 1.
Let Ai = Hi× {0} (i = 1, 2), and without loss of generality, suppose that A0 contains (1G, 0); then H0 ≤ G by Lemma 3.2.
For any h0 ∈ H0, we have MR(h0)(A) ∩ A ≠ Ø and then MR(h0)(A) = A by Theorem 2.2. Thus for any h0 ∈ H0, we have
H1h0 = H1, that is H1H0 = H1. Since X[A] is connected, there exists an element s2 ∈ S2 such that H1 = s2H0. By H0 ≤ G,
we can obtain G =ki=1 H0gi (g1 = 1G). Therefore, V (X) =ki=1 MR(gi)(A) and X0 =ki=1 MR(gi)(A0) =ki=1 H0gi × {0},
X1 =ki=1 MR(gi)(A1) =ki=1 s2H0gi × {1}.
By Lemma 3.2, the induced subgraphs Yi = X[Ai] (i = 1, 2) are regular graphs and Y ′ = X[A] \ (E(Y0) ∪ E(Y1)) is also
a regular graph. Suppose Yi is an ri-regular graph (i = 0, 1) and Y ′ is a d-regular graph. Since k0 = 0 and Y = X[A] is
connected, we have that r0 = 0 and d ≥ 1. Thus
λ′(X) = |ω(A)| = |A0|(k2 − d)+ |A1|(k1 − r1 + k2 − d) < ξ(X) = δ +∆− 2.
Since |A| ≥  12 (δ +∆− 1) by Lemma 3.4, we have |A0| = |A1| ≥ 12  12 (δ +∆− 1). Let k1 − r1 = n and k2 − d = t; then
t ≤ 1 and |H0| < 12t+n (δ +∆− 2).
Subcase 2.1. Assume k2 − d = 1. Then 0 ≤ n ≤ 1.
Assume that (1G, 1) ∈ s2H0gs×{1}; then 1G = s2h0rgs (h0r ∈ H0) and gs = h−10r s−12 . SinceMR(gs)(A) is also a λ′-atom and
k1−r1 = n, there exists an inverse-closed subset {s11, . . . , s1n} of S1 such that ⟨S1∪{1G}\{s11, . . . , s1n}⟩ ≤ s2H0gs = s2H0s−12 .
Since k2 − d = 1, there exists an element s′2 ∈ S2 such that s′2H0 ≠ s2H0, and for any element s2i ∈ S2 \ {s′2}, we have
s2iH0 = s2H0. Thus we obtain that ⟨(S2 \ {s′2})−1(S2 \ {s′2})⟩ ≤ H0.
Subcase 2.2. Assume k2 − d = 0. Then 1 ≤ n ≤ 3.
Assume that (1G, 1) ∈ s2H0gs×{1}; then 1G = s2h0rgs (h0r ∈ H0) and gs = h−10r s−12 . SinceMR(gs)(A) is also a λ′-atom and
k1−r1 = n, there exists an inverse-closed subset {s11, . . . , s1n} of S1 such that ⟨S1∪{1G}\{s11, . . . , s1n}⟩ ≤ s2H0gs = s2H0s−12 .
Since k2 − d = 0, we have s2iH0 = s2H0 for any element s2i ∈ S2. Thus G2 ≤ H0. 
By an argument similar to that for Theorems 4.2 and 4.3, we have the following two theorems.
Theorem 5.2. Let X = MC(G, S0, S1, S2) be a connected graph with at least four vertices and ki = |Si| (i = 0, 1, 2). Assume
Gi = ⟨Si⟩ for i = 0, 1. If 1 ≤ k0 < k1 and k2 = |S2| = |{s2}| = 1, then X is not λ′-optimal if and only if X satisfies one of the
following conditions:
(1) There exists a subgroup H of G such that |H| < 2δ − 2 and G0 ≤ H.
(2) There exists a subgroup H of G such that |H| < 2δ − 2 and G1 ≤ H.
(3) There exists a subgroup H of G, an inverse-closed subset {s01, . . . , s0m} of S0, an inverse-closed subset {s11, . . . , s1n} of
S1 (1 ≤ m+n ≤ 3) such that |H| < 1m+n (2δ−2), ⟨S0∪{1G}\{s01, . . . , s0m}⟩ ≤ H and ⟨S1∪{1G}\{s11, . . . , s1n}⟩ ≤ s2Hs−12 .
Theorem 5.3. Let X = MC(G, S0, S1, S2) be a connected graph with at least four vertices and ki = |Si| (i = 0, 1, 2). Assume
Gi = ⟨Si⟩ (i = 0, 1) and G2 = ⟨S−12 S2⟩. If 1 ≤ k0 < k1 and k2 ≥ 2; then X is not λ′-optimal if and only if X satisfies one of the
following conditions:
(1) There exists a subgroup H of G, an inverse-closed subset {s01, . . . , s0m} of S0, an inverse-closed subset {s11, . . . , s1n} of
S1 (0 ≤ m+ n ≤ 1) and two distinct elements s2, s′2 ∈ S2 such that |H| < 1m+n+2 (2δ − 2), ⟨S0 ∪ {1G} \ {s01, . . . , s0m}⟩ ≤
H, ⟨(S2 \ {s′2})−1(S2 \ {s′2})⟩ ≤ H and ⟨S1 ∪ {1G} \ {s11, . . . , s1n}⟩ ≤ s2Hs−12 .
(2) There exists a subgroup H of G, an inverse-closed subset {s01, . . . , s0m} of S0, an inverse-closed subset {s11, . . . , s1n} of
S1 (1 ≤ m+ n ≤ 3) and an element s2 ∈ S2 such that |H| < 1m+n (2δ − 2), ⟨S0 ∪ {1G} \ {s01, . . . , s0m}⟩ ≤ H,G2 ≤ H and
⟨S1 ∪ {1G} \ {s11, . . . , s1n}⟩ ≤ s2Hs−12 .
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